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ABSTRACT
This paper studies a generalized bilinear model and a hierarchical
Bayesian algorithm for unmixing hyperspectral images. The proposed model is a generalization of the accepted linear mixing model
but also of a bilinear model recently introduced in the literature. Appropriate priors are chosen for its parameters in particular to satisfy
the positivity and sum-to-one constraints for the abundances. The
joint posterior distribution of the unknown parameter vector is then
derived. A Metropolis-within-Gibbs algorithm is proposed which
allows samples distributed according to the posterior of interest to
be generated and to estimate the unknown model parameters. The
performance of the resulting unmixing strategy is evaluated via simulations conducted on synthetic and real data.
Index Terms— Hyperspectral imagery, bilinear model, spectral
unmixing, Bayesian algorithm, Gibbs sampler, MCMC methods.
1. INTRODUCTION
Over the last few decades, spectral unmixing has been receiving considerable attention in the signal and image processing literature (see
for instance [1] and references therein). The mixture model associated with hyperspectral images can be linear or nonlinear. Linear mixtures known as macrospectral mixtures are interesting when
the detected photons interact mainly with a single component on the
scene before they reach the sensor. Conversely, nonlinear mixture
models result from the interaction of photons with multiple components. Linear mixing models have motivated a lot of research work
in the geoscience community. However, nonlinear models constitute a new interesting field of research for hyperspectral imagery. In
particular, nonlinear models have shown interesting properties for
abundance estimation, e.g., for scenes including mixtures of minerals [2], orchards [3] or vegetation [4].
This paper introduces a generalized bilinear model (GBM) for
nonlinear unmixing of hyperspectral images. This model is a generalization of the accepted linear mixing model (LMM) but also of a
bilinear model recently introduced by Fan et al. in [2]. Estimating
the abundances associated to this nonlinear model is a challenging
problem. Almost all algorithms dedicated to the unmixing of nonlinear models are based on the least square estimators as in [2]. We
propose here a hierarchical Bayesian algorithm to estimate the parameters and hyperparameters associated with the GBM. The major
advantage of this algorithm is that it allows one to satisfy the positivity and sum-to-one constraints for the abundances as well as the
physical constraint for the nonlinearity coefficients by defining appropriate prior distributions. The joint posterior distribution of these
parameters is then derived. However, the minimum mean square error (MMSE) and maximum a posteriori (MAP) estimators associated
to this posterior are difficult to derive. We propose to approximate

these estimators from samples generated by Markov chain Monte
Carlo (MCMC) methods. Note that similar hierarchical Bayesian algorithms have already been applied successfully to linear unmixing
of hyperspectral images in [5] and [6].
The paper is structured as follows. Section 2 presents the linear
and bilinear models considered in this study. The different components of the Bayesian algorithms associated with these models are
studied in Section 3. Section 4 introduces the Metropolis-withinGibbs sampler which will be used to generate samples according to
the joint posterior of the unknown parameters and hyperparameters.
Section 5 investigates the behavior of the proposed algorithm when
applied to a toy-example, i.e., a single synthetic pixel. Simulation
results on real images are presented in Section 6. Conclusions and
future works are finally reported in Section 7.
2. SPECTRAL UNMIXING MODELS
According to the LMM, the L-spectrum y = [y1 , . . . , yL ]T of a
mixed pixel can be expressed as a mixture of R endmembers mk
with additive noise [1]
R
X
y=
αk mk + n = M α + n
(1)
k=1

where M is an L × R matrix whose columns are the L × 1 endmember spectra mk = [m1,k , . . . , mL,k ]T (k = 1, . . . , R) and
α = [α1 , . . . , αR ]T is the R × 1 fractional abundance vector. The
additive noise n = [n1 , . . . , nL ]T is assumed to be an independent
and identically distributed (i.i.d) zero-mean Gaussian sequence with
variance σ 2 .
Nonlinear mixture models account for the presence of multiple
photon interactions by introducing additional “interaction” terms in
the LMM [3]. The GBM proposed in this paper considers second
order interactions between endmember #i and endmember #j (for
i, j = 1, . . . , R and i 6= j) such that the observed mixed pixel spectrum y can be derived
R−1
R
X X
y = Mα +
γi,j αi αj mi mj + n
(2)
i=1 j=i+1

where
is the Hadamard (term-by-term) product operation, i.e.,
mi mj = [m1,i m1,j , . . . , mL,i mL,j ]T , and with the following
constraints for the different parameters
αk ≥ 0, ∀k ∈ {1, . . . , R}

and

R
X

αk = 1

(3)

k=1

0 ≤ γi,j ≤ 1, ∀i ∈ {1, . . . , R − 1} , ∀j ∈ {i + 1, . . . , R} . (4)
Eq. (3) corresponds to the positivity and additivity constraints for
the abundances [1]. Eq. (4) provides constraints for the coefficients

γi,j that control the interactions between endmembers #i and #j
in the pixel. An important property of the GBM is that it reduces
to the LMM for γi,j = 0 and to the Fan model introduced in [2] for
γi,j = 1 (∀i = 1, . . . , R−1, j = i+1, . . . , R). Moreover, the GBM
is particularly well suited to take into account nonlinear effects due
to multipaths as explained in [10]. The unknown parameter vector θ
associated with the GBM includes the nonlinearity coefficient vector
γ = [γ1,2 , . . . , γR−1,R ]T , the abundance vector α and the noise
variance σ 2 .

This section defines a hierarchical Bayesian model that will be used
T
to estimate the unknown GBM parameter vector θ = αT , γ T , σ 2 .
3.1. Likelihood
The observation model defined in (2) and the Gaussian properties of
the noise sequence n yield


1
2πσ 2

L
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||y − µGBM ||2
exp −
2σ 2

PR−1 PR

where µGBM = M α+ i=1
j=i+1 γi,j αi αj mi
is the standard l2 norm such that ||x||2 = xT x.

(5)
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3.2. Parameter Prior Distributions
This section details the prior distributions associated with the parameter vector θ. The sum-to-one constraint for the abundances can be
encompassed by expressing one abundance αk∗ as a function of the
others:
X
αk∗ = 1 −
αk .
(6)
k6=k∗

The positivity and sum-to-one constraints (3) are satisfied if α\k∗ =
[α1 , . . . , αk∗ −1 , αk∗ +1 , . . . , αR ]T belongs to the following simplex




X
∗
S\k∗ = α\k∗ αk ≥ 0, ∀k 6= k and
αk ≤ 1 .
(7)


∗
k6=k

The prior for α\k∗ is a uniform distribution on the simplex S\k∗
since there is no additional information about this parameter vector.
The parameters γi,j are supposed to be positive as in [3, 4] and
less than one reflecting the fact that the interaction abundances are
always smaller than the product of the individual abundances. They
are also assumed to be a priori independent. Assigning a uniform
prior on the interval [0, 1] for each coefficient γi,j leads to
f (γ) =

R−1
Y

R
Y

I[0,1] (γi,j )

A noninformative Jeffreys’ prior is finally chosen for ζ, which reflects the absence of knowledge about this hyperparameter [7]
f (ζ) ∝

1
I + (ζ).
ζ R

(10)

3.4. Posterior distribution of θ
The posterior distribution of the parameter vector θ can be computed
as follows
Z
f (θ|y) ∝ f (y|θ)f (θ|ζ)f (ζ)dζ
(11)
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f (y|θ) =

3.3. Hyperparameter Prior

(8)

i=1 j=i+1

where IA (.) is the indicator function defined on the set A.
It is very common to assign a conjugate inverse gamma prior to
the noise variance parameter


ζ1 ζ2
,
(9)
σ 2 |ζ1 , ζ2 ∼ IG
2 2
where ζ1 and ζ2 are two hyperparameters. For simplicity, we set
ζ1 = 2 and ζ2 = ζ (see [5] for motivations).

where ∝ means “proportional to”, f (y|θ) is the likelihood function
defined in (5) and f (θ|ζ) = f (α)f (γ)f (σ 2 |ζ) (assuming a priori independence between all the parameters). After substituting the
likelihood and the priors in (11) and integrating out with respect to
the hyperparameter ζ, the posterior pdf of θ|y can be written


ky − µGBM k2
1
f (θ|y) ∝ L+2 exp −
f (γ)f (α).
(12)
σ
2σ 2
The MMSE and MAP estimators associated to the posterior pdf (12)
are not easy to determine mainly because of the positivity and sumto-one constraints contained in f (α). The next section studies a
Metropolis-within-Gibbs algorithm that allows one to generate samples according to the joint distribution f (θ|y) that will be used to
estimate the unknown model parameters.
4. METROPOLIS-WITHIN-GIBBS ALGORITHM
This section studies a Metropolis-within-Gibbs sampler which generates samples asymptotically distributed according to the posterior
distribution (12). The principle of the Gibbs sampler is to generate
samples according to the conditional distributions of the target distribution. When a conditional distribution cannot be sampled directly,
it is possible to sample according to a proposal distribution and to
accept or reject this sample with an appropriate probability. The
resulting algorithm is classically referred to as Metropolis-withinGibbs algorithm [8]
noo
n and is detailed below with the following
(t−1)
(t)
(t−1)
(t)
(t)
(t)
tations: γ \(i,j) = γ1,2 , . . . , γi,j−1 , γi,j+1 , . . . , γR−1,R , αi:j =




(t)
(t)
(t−1)
(t−1)
(t)
(t)
αi , . . . , αj and α\{k,k∗ } = α1:k−1 , αk+1:k∗ −1 , αk∗ +1:R .
4.1. Generating samples according to f (σ 2 |y, α, γ)
Looking carefully at the joint posterior distribution (12), the conditional distribution of σ 2 |y, α, γ can be determined


L ky − µGBM k2
σ 2 |y, α, γ ∼ IG
,
(13)
2
2
where IG (a, b) is the inverse gamma distribution with parameters a
and b.
4.2. Generating samples according to f (γi,j |α, σ 2 , y, γ \(i,j) )
The conditional distribution of γi,j |α, σ 2 , y, γ \(i,j) for i = 1, . . . , R−
1 and j = i + 1, . . . , R can be written
!
pTi,j ei,j
σ2
2
γi,j |α, σ , y, γ \(i,j) ∼ N[0,1]
(14)
2,
2
pi,j
pi,j
where



pi,j = mi mj
PR
P
ei,j = y − M α − R−1
p=l+1,p6=j γ lp αl αp ml
l=1,l6=i

mp

and N[0,1] (·, ·) denotes the Gaussian distribution truncated on the set
[0, 1]. The simulation of samples according to this truncated Gaussian distribution can be performed efficiently by using the method
proposed in [9] and detailed in [10].
4.3. Generating samples according to f (αk |γ, σ 2 , y, α\{k,k∗ } )
The conditional pdf of αk |γ, σ 2 , y, α\{k,k∗ } is given by
f (αk |γ, σ 2 , y, α\{k,k∗ } )
"
g k,k∗ − αk hk,k∗ + αk2 q k,k∗
∝ exp −
2σ 2

2

#
I[0,α+ ] (αk )
k

(15)

where αk+ , g k,k∗ , hk,k∗ and q k,k∗ are detailed in [10]. The conditional distribution (15) is not easy to sample. Thus, a MetropolisHastings (MH) step is required to generate samples according to the
conditional posterior distribution of αk (see [10] for more details).

(a) Abundances.

5. SIMULATION RESULTS FOR A SYNTHETIC PIXEL
The first experiment considers a synthetic pixel defined as a GBM
combination of three pure components (green grass, olive green paint
and galvanized steel metal) extracted from the ENVI software library. The abundances have been fixed to α1 = 0.3, α2 = 0.6,
α3 = 0.1, and the nonlinearity coefficients to γ1,2 = 32 , γ1,3 = 31
and γ2,3 = 23 . The observed spectrum has been corrupted by an
additive white Gaussian noise with variance σ 2 = 2.8 × 10−3 corresponding to a signal-to-noise ratio SNR = 15dB, with SNR =
L−1 σ −2 ky − nk2 . The unmixing algorithm has been run using
Nbi = 300 burn-in iterations and Nr = 700 iterations to compute
the different estimates. The MMSE estimates of the abundances and
the corresponding standard deviations are represented as functions
of the SNR in Fig. 1. These results have been obtained by averaging the results of 30 Markov chains (for each value of SNR). They
are in good agreement with the actual values of abundances (horizontal red lines) especially for high SNRs (note that the actual spectrometers like AVIRIS provide images with SNR levels higher than
20dB when the water absorption bands have been removed). The
small deviations between the MMSE estimates and the actual values
of the nonlinear abundances γ1,2 α1 α2 , γ1,3 α1 α3 and γ2,3 α2 α3 are
mainly due to the resemblance between the pure endmembers and
some of the “endmember products” mi mj . However, the effect
of these deviations can be neglected because of the small dynamic
range of these endmember products, as illustrated by the results reported in Section 6. Note that the convergence issues related to the
Metropolis-within-Gibbs sampler have been addressed in [10].

(b) Nonlinearity coefficients.

Fig. 1. MMSE estimates (cross) and standard deviations (vertical
bars) of α1 , α2 , α3 (top), γ1,2 α1 α2 ,γ1,3 α1 α3 and γ2,3 α2 α3 (bottom) versus SNR.

AVIRIS image. The MMSE estimates of the abundances have been
computed by averaging the Nr = 700 last generated samples obtained after Nbi = 300 burn-in iterations. The image fraction maps,
estimated by the proposed method and relative to the linear contribution of the endmembers, are depicted in Fig. 2 (3rd row). Note that
a white (resp. black) pixel indicates a large (resp. small) proportion
of the corresponding materials. These pictures are visually in good
agreement with the abundances obtained when considering a linear
model, as illustrated in Fig. 2 (2nd row). However, the proposed
6. SPECTRAL UNMIXING OF AVIRIS IMAGES
algorithm also provides maps for the possible interactions between
the materials. These maps are represented in Fig. 2 (4th row). Note
This section illustrates the performance of the proposed algorithm
that the interaction areas are located in regions where the two comwhen applied to a real hyperspectral dataset. The real image used in
ponents are present as expected.
this section was acquired over the Cuprite mining site (Nevada,USA)
To compare quantatively our algorithm with other unmixing strain 1997 by the airborne visible infrared imaging spectrometer (AVIRIS).
tegies, we propose two measures of performance. First, the reconThis area of interest has L = 189 spectral bands after removing wastruction error (RE) is used to measure the distance between the meater absorption bands. It is mainly composed of three R = 3 composured pixel y(p) and the estimated spectrum ŷ(p)
nents (muscovite, alunite and cuprite) extracted by the vertex comv
u
ponent analysis (VCA) algorithm [11] and depicted in Fig. 2 (top).
n
u 1 X
The abundances of the endmembers have been estimated by runkŷ(p) − y(p)k2 .
(16)
RE = t
n
L
ning the proposed Bayesian unmixing method on each pixel of the
p=1

Table 1. Comparison of unmixing performance.
LMM-Bay. LMM-FCLS
FM
GBM
−2
RE (×10 )
2.14
2.11
3.05
1.92
SAD (×10−2 )
3.140
3.130
5.087 2.952

7. CONCLUSION
A new nonlinear model called “generalized bilinear model” was proposed to model the interactions between the macroscopic components of an hyperspectral image. A hierarchical Bayesian algorithm
was then proposed to estimate the abundances and nonlinearity coefficients of this nonlinear model. Appropriate priors were chosen to
ensure the abundance and nonlinearity coefficients constraints were
satisfied. The posterior distribution of the unknown parameter vector was then derived. The corresponding Bayesian estimators were
approximated from samples generated using MCMC methods. Results obtained on synthetic and real images illustrated the accuracy
of the generalized bilinear model and the performance of the corresponding estimation algorithm. Future investigations include the
consideration of spatial correlation between pixels of the hyperspectral image using the proposed generalized bilinear model.
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